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Abstract 

We consider the inverse problem for the second order self-adjoint 
hyperbolic equation in a bounded domain in R" with lower order terms 
depending analytically on the time variable. We prove that, assuming 
the BLR condition, the time-dependent Dirichlet-to-Neumann oper- 
ator prescribed on a part of the boundary uniquely determines the 
coefficients of the hyperbolic equation up to a diffeomorphism and a 
gauge transformation. As a by-product we prove a similar result for 
the nonself-adjoint hyperbolic operator with time-independent coeffi- 
cients. 



1 Introduction. 

Let fl C R" be a bounded domain with a smooth boundary dQ and let Tq 
be an open subset of dQ. Consider a hyperbolic equation in x (0, To) of 
the form: 

(1.1) Lu=' (^-i^ + A„(x,t)\ u(x,t) 

-V{x,t)u = 0, 



where is the metric tensor in Q, g{x) = det , Aj{x, t), < 

j < n,and V{x, t) are smooth in x G f2 and real analytic in t, t E [0, Tq]. We 
assume that 

(1.2) u{x,0) = ut{x,0) = in Q, 
and 

(1-3) u \dnx(o,To) = f{x',t), 
where 

(1.4) supp /(x',t) cri^x (0,To]. 

Let A/ be the D-to-N (Dirichlet-to-Neumann) operator on Fq x (0, Tq) : 
(1.5) 

_ 1 

n / \ / n \2 



{X)VpPr ] |rox(0,To) ) 

j,k=l ^ ^ \p,r=l 

where u = (z/i, z/„) is the unit exterior normal to dQ with respect to the 
Euclidian metric. We shall study the inverse problem of the determination 
of the coefficients of p.l|) knowing the D-to-N operator on Fq x (0, Tq) for 
all smooth / with supports in Fq x (0,To]. 
Let 

(1.6) y = y{x) 

be a diffeomorphism of Q onto some domain Qq such that OQq D Tq and 

(1.7) y{x) = X on Fq. 

The equation ()1.1|) will have the following form in y-coordinates: 



d'^f ,• ^ , .(0), 
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(1.8) L„« S l^-i- + Ai"(v.t)J v{y,t) 

-V^^\y)v{y,t) = 0, 
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where v{y{x),t) = u{x,t), 



(1-9) K\y{m\ = [^)\w'm 



T 



(1.10) g,{y) = deiH\y)r\ 
^ is the Jacobi matrix of and 

(1.11) Af\y{x),t) = Ao(x,t), V^''\y{x),t) = V{x,t), 

(1.12) A,{x,t) = Y,Af\y{x),t)^y^, l<k<n. 

i=i 

Denote by 6*0(^0 x [0,To]) the group of C'^{VLq x [OjTq]) complex valued 
functions c{y, t) such that c(?/, t) 7^ and 

(1.13) c{y,t) = 1 on To X [CTq]. 

We shall call 6*0(^0 x [0,7o]) the gauge group. We say that the poten- 
tials4°)(2/,t),...,Ai°)(2/,t),\/W(y,t) and4'^y,t),...,Ai^)(?;,t),l^«(2/,t)are 
gauge equivalent if there exists c{y,t) G Go(^o x [0,2o]) such that 

(1.14) Al^\y,t) = AP{y,t) - ^c-\y,t)^^, V^'\y,t) = V^'\y,t), 

(1.15) Af\y,t) = Af\y,t) - tc-\y,t)^, 1 < j < n. 

dyj 

Note that if 

(1.16) v'^'\y,t) = c-\y,t)v{y,t), 

then v*^^-* satisfies equation of the form p.8j) with potentials {A^^\v^^^} re- 
placed by the gauge equivalent {A^^^y*^^^}, < j < n. We shall call the 
transformation (jl.lfjj) the gauge transformation. 
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Denote 



(1.17) T^. = sup d{x, To), 

where d{x, Tq) is the distance in with respect to metric tensor H^'-'^H^^ from 
X G r2 to Fq. 

We shall assume that the BLR condition (see [BLR]) is satisfied for t = 
T„. This means roughly speaking that any bicharacteristics of L in Tq{VL x 
[0,T„]) intersects ((Fq x [0,r„]) x R"+i \ {0}. 

Note that since BLR condition is determined by the geometry of VL and 
Fo and the second order terms of L it holds when [0, T^.*] is replaced by 

[to, 71* + to], Vto > 0. 

We shall prove the following theorem: 

Theorem 1.1. Let L and Lq be two operators of the form Hl.l]) and il.^) in 

Q and Qq respectively, with coefficients analytic int E [0, To] and let L and Lq 
be formally self-adjoint, i.e coefficients Aj,V and A^^\v''^'^ are real-valued, 
< j < n. Suppose that the BLR condition for L is satisfied when t = T^^,, 
and the D-to-N operators A and A^^^ coresponding to L and L^^^ respectively 
are equal on Fq x (0,To) for all f satisfying where Fo C dVt fl dVLo. 

Suppose Tq > 2T* + T**. Then there exists a diffeomorphism y = y{x) of Q 
onto Qq, y{x) = x on Tq, such that hLf^) holds. Moreover, there exists a 
gauge transformation co{x,t) G Go{^ x [0,To]) such that 

(1.18) Cooy-^oLo = L 
inQx {0,To). 

Remark 1.1 Let L* be formally adjoint operator to L. To prove Theorem 
ll.ll we need to know in the addition to D-to-N operator A the D-to-N operator 
A^ corresponding to L*. In the case when L* = L we have, obviously, that 
A^ = A. When Aq = and the coefficients of L are independent of t one 
can show ( see, for example, [KLl], [El] ) that we can recover A* from A. 
Therefore the proof and the result of Theorem 11.11 hold for the case when 
Aq = and Aj{x), 1 < j < n, V{x) are complex- valued and independent of 
t, and this gives a new proof of the corresponding result in [KLl]. □ 

The first inverse problem with boundary data on a part of the boundary 
was considered in [I]. The most general results were obtained by the BC- 
methods in the case of self-adjoint hyperbolic operators with time-independent 



4 



coefficients ( see [Bl], [B2], [KKL], [KK] ). The nonself- adjoint case with 
time-independent coefficient was considered in [B3], [KLl], [KL2], [KL3]. 
The inverse problems for the wave equations with time-dependent potentials 
were considered in [St], [RS] (see also [I]). 

The present paper is a generalization of the paper [El]. We shall widely 
use the notations, results and the proofs from [El]. Note that the case of 
equations with Yang-Mills potentials was considered in [E2]. 

In §2 we recover the coefficients of L (modulo a diffeomorphism and a 
gauge transformation) locally near Fq (Theorem 12. 1|) . Following [El] in §3 
we prove the global result. In §4 we prove some lemmas used in §2. 

2 The local result. 

Let F be an open subset of Fq and Uq C R" be a neighborhood of F. Let 
(x', Xn) be coordinates in Uq such that the equation of F is = and x' = 
yXi , • . • , Xn—l ) are coordinates on dQnUo. Introduce semi-geodesic coordinates 
y = iVu ■■■,yn) for L in Uq (c.f. [El]): 



II ^ is the metric tensor in the semi-geodesic coordinates. The equa- 
tion ()1.1|) has the following form in the semi-geodeic coordinates 



(2.1) 



y = fix), 



where ip{x', 0) = x', 



(2.2) 



^""(y) = l, g^^ = g^^ = 0, l<j<n-l 



(2.3) 





^7^.+My,i) 



) 



9{y)9'''{y) 



—I 



dyk 



d 



+ Ak{y,t) u{y,t) 



V{y,t)u{y,t)=0, 



where, as in §1, u{{p{x),t) = u{x,t), g{y) = det \\g^^ 



iy)\\ 



-1 



(2.4) 



Ao{ip{x),t) = Ao{x, t), V{v{x),t) = V{x, t), 
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(2.5) A,{x,t) = j2Mv{x),t)^^, 

j=i ^ 

Lp{x) = {ipi{x), ...,ipri{x)). As in [El] let 

2.6 A^[y) = --[^g) -— = -— i, 1 < j < n. 

Then (|2.3p can be rewritten in the form: 

d , , .V / . d ^ ^ 



(2.7) Lu= \^-i— + Ao{y,t)j - + A^y^t) + A'^iy) j u 

|j (^-^^ + A, + 4(y)^ g^'' (^-2 A + + A',^ ^ - V^{y, t)u = 0, 



J, 

where 

n-l 



(2.8) y,(y,t) = «)2 + + E ^^'4^'^ + ^^(^^'^D + viy^t)- 

Denote by A the D-to-N operator corresponding to L. We have 

(2.9) A/= lyl-^tAr,{y,t)\ju{y,t)\ S/„=0,0<t<To • 

Make the transformation u = {g{y' ,yn))~^u' . Then L'u' = 0, where L' 
is the same as ()2.7|) with Aj + A'j replaced by Aj, 1 < j < n. Denote 

by A' the D-to-N operator A'/' = (^-^ + iAn{y,t)^ u' \y„=ofi^t<TQ , where 
L'u' = 0, /' = u' |y„=o,o<i<To ■ Since A determines g{y', 0) and ^^^^ '"-^ (see 
Remark 2.2 in [El]) we get that A determines A' on T x (0,To) (c.f. [El], 
(2.12), (2.13) ). 

Analogously to (frTi|l . (fTTHll Af\y,t), < j < n, and ij, < j < n, 

are called gauge equivalent in Uq x (0, Tq) if there exists "0(2/', yn, t) G C°°(?7o x 
[0,To]), 

(2.10) V^(i/',0,t) = 0, 0<t<To, 
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such that 

(2.11) Af{y,t)^A,{y,t) + ^^, l<3<n, A^^ ^ Ao+^. 
Here c — e^'^. We shall choose ipii/jt) such that 

(2.12) A„-My,t)^^-^^=0, 
i.e. 

(2.13) in U^x[0,To]. 

Note that ip{y',yn,t) is analytic in t since Aj(y, t), < j < n, are analytic 
in Therefore A^^^ , < j < n, are also analytic in t. 
Let 

(2.14) s^t-yn, r^T-t-yn. 
Note that 

(2-15) Us^^{ut-UyJ, Ur^~iut + UyJ. 

Substituting u' — e^'^Ui in L'u' = we get the following equation for Ui{y^ t): 

(2.16) L,u/i^' (^_,|+i(i)(^,i)y^,_ (^_^_^+i(i)(^,t)y 

In (s, r, ^/') coordinates we have 



(2.17) L,u,=Auur-^iA^n^Uu 



where 



l/2 = Vl + 2ziW. 
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Note that the D-to-N operator corresponding to Li is 



and 

(2.19) u,{y,t) = e-'^'^y''\g{y',y,.)yM^-\y),t), 
where Lu = 0. 

Let Aisg = r X [so,r] where Ti < sq < T. Denote by D{Aisq) the 
forward domain of influence of Ai^^ in the half-space ?/„ > 0. Let r(2) = 

{y' : {y',yn,t) g D{A,Tj,yn = o,°t = r} and let = r(2) x [so,T]. 

Denote by D(A2s„) the forward domain of influence of A2S0 for yn ^ 0- Let 
r(3) = {y' : e D{A2T,),yn = 0, t = T} and let A3.0 = L^^) x [so,T]. 

Denote by D{A3so) the forward domain of influence of A^sq in the half-space 
yn > 0. We assume that T — Ti is small such that D^A^Ti) C Fq x [Ti, T] 
for t <T, the semigeodesic coordinates are defined in D{A3Ti),t < T, and 
D^AsTi) \ {yn = 0} does not intersect dQ x [Ti,T]. Denote by Yjs^ the 
intersection of D{Ajsa) with the plane T — t — yn = 0,l<j<3. Let Xjs^ be 
the part of D^Ajs^) below Yjsg and let Zjsg = dXjs„ \ (Xjso U {yn = 0}), 1 < 
J <3. 

Suppose LiUi = for ?/„ > 0, t < T, ui = = Q for t = Ti, yn > 
0, ui |y„=o,Ti<t<T = /• Let LI be the operator formally adjoint to Li. Note 

that L* has the form (I^TTH|) with if \ < j < n, Vi{y, t) replaced by Af\o < 
j < 1^, Vi{y,t). The D-to-N operator aI^'* corresponding to LI has the form 

Al')(7 = (^^+lAll\y,t)vi^ \y„=0,T,<t<T . 

where Lpi = for yn > 0, t < T, vi \y„=o,Ti<t<T = g,vi = vu = when 
t = Ti,yn > 0. 

We assume that aI^'* can be determined if we know A'^^^ This is obviously 
true when Li is formally self-adjoint. Then aI^'* = A^^-*. Note that Li is 
self-adjoint if L is self-adjoint. Note that A^^^^ determines aI^"* also when 
= 0, Af\ l<j<n,Vi are independent of t (c.f. [KLl]). 

Consider the identity 

(2.20) = {L^m,v^)-{u,,Llv^), 



j \yn=0,0<t<To ) 
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where 
(2.21) 



{ui,vi) 



ui{y,t)vi{y,t)dydt. 



3Ti 



We assume that supp / and supp g are contained in Aa^^. 
Integrating by parts we get 

2 



(2.22) 



d - \ 



(^-i^ + A^^'^^ (^-2^ + A'n^^ vidydt - I (^-i^^ + uiWdy'dyn- 



We used that ui and vi are zero on Z^Ti ■ Analogously 



(2.23) 



X: 



3Ti 



X3T1 



. d 

'dyn 



A[,^^ I uividy'dyndt 



. d 

dyn 



+ A'h^ \vidydt 



—I 



—I 



dyn 



+ i^^M uivldy'dt. + i f ( -^tt" + A^^M uiv^dy'dt. 
J Jast, V dyn J 



Analogously, integrating by parts other terms in ()2.20|) and taking into ac- 
count that Ml = Vi = on Z^Ti "we get 



(2.24) Q = {Lru^,v^)-{u^,L\v{] 



{uisVi - uivis)dy'ds 



+ 



dy'dt. 



We used in (IT^ the change of variables THM and (ITTH|l . Note that the 
integrals over Y^Ti containing An"^ are cancelled. The second integral in p.24|) 
has the form 

(2.25) (A«/,<7)-(/,A«^), 
where Ui = f and Vi = g on A^Ti- Denote 



(2.26) 



Ao{ui,vi] 



{uuvi - uivu)dy'ds. 



3Ti 



It follows from ^TMi . TTM that Ao{ui,vi) is determined by the D-to-N 
operator. Integrating by parts in (j2.26p we get 



Ao{ui,vi)=2 uuvdsdy' - ui{y',0,T)vi{y',0,T)dy', 

where 7j^o = dYjso^{yn = 0}, 1 < j < 3. Since 0, T) = f{y',T), vi{y',0,T) = 
g{y',T) we get that 

(2.27) A{ui,vi)'^=2 uuvldy'ds 
is determined by the D-to-N operator on Ast^. 

o 

Denote by {^jso) the subspace of the Sobolev space H^^^jso) con- 
sisting of functions equal to zero on d^js^ and by Hl{^js^^ the subspace of 
-?f^(Ajsg) consisting of functions equal to zero on SAj^o \ = T},i = 1, 2, 3. 
Also denote by ifg(Yjso) the subspace of H^(YjsQ) consisting of functions 

o 

equal to sero on OYjsq \ {?/„ = 0} and by (Xiso) the subspace of H^(Yisf^) 
of functions equal to zero on dYjsg. Here sq G [Ti,T). 

For the convenience we shall often denote by u-^ (correspondently v^) the 
solutions of LiU^ = 0, m-^ \y„=o = f, u-^ = u{ = when t = Ti (correspon- 
dently Llv^ = 0, \y^=o = g, v3 = vf = when t = Ti). 

Denote by Rjsq the following subset of Yjsg : Rjsg = T^^^ x [so,T],l < j < 
3, where T^^) = T. Note that {Yit, n {s > sq}) C i?2so C ^2^0 C R^so C 
for any sq G [Ti,T). 

Lemma 2.1. For any smooth f G i^fg(AirJ and any sq G [Ti,T) there exists 
uq G Hq{R2sq) such that 

(2.28) A{u^,v') = A{uo,v') 

for all v'eH^iYss,). 

Proof: It follows from ()2.28|) that m{ = uqs in Issg. Let wi be such that 
Wis = in R2S0, Wi = when s = SQ,y' G F^^^ Then mq = "U-^ — ifi G 
Ho{R2so) is the unique solution of (j2.28j) . □ 

Extend uo by zero in ^3^0 \ i?2so- Then uq G H^(Yiso). 

Lemma 2.2. For any Vj G HqIRj^^) there exists a sequence u-^"^ G i?o(^so) 
that converges to Vj in HQ{Yjsg). Here j = 1,2,3. 
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In the case when coefficients of L do not depend on t this lemma was 
proven in [El]. Note that the proof in [El] works also for nonself-adjoint L. 
In the case of the time-dependent coefficients Lemma 12.21 will be proven in 
§4. □ 

Assume that BLR condition is satisfied for L'^^^ when t = T^^. Then for 
anyT > T„ the map of/ G H^{Tox{0,T)) to {u^ {x,T),u{{x,T)} e H\n)x 
L2(fi) is onto (see [BLR]). We always assume the zero initial conditions when 
t = 0, X eQ. 

Note that (c.f. [H]) 

l,rox(0,T)- 

Therefore by the closed graph theorem we have that 

(2.29) inf||/'||i,rox(o,T)<C(||«^(-,r)||?,^ + ||t.f(-,T)||g,^), 

where JF c -f^o(ro x (0,r)) consists of all /' such that u^'(x,T) = u^{x,T), 
u{ (x,T) = u{{x,T), X E Q. 

Let L*^*\ i = 1,2, be two operators having the same D-to-N operator 
on To X (0,T), T > T„. Let xf^, YjHj = 1,2,3 be corresponding to 
l^i^) 2 = 12. 

' Since A(i) = M^] on we get that DW(Ai,Jn{y„ = 0} = D^^^A^Jn 
{Vn = 0} where D^^\Aisg) is the forward domain of influence of L*^*) in the 
half-space > 0,z = 1,2. (see [El], Lemma 2.4). Therefore T^i^ = T^2\ 
i.e. Ag!,), = Ag^Q. Analogously one proves that Ag^^^ = Ag^^^. Therefore 

A (1) _ A (2) _ A . _ 1 2 S 

Lemma 2.3. Assume that L^^\ i = 1,2, satisfy the BLR condition for T > 
T**. Let u{, i = 1,2, be the solutions of Li'ul = in Xg*^ such that 

u{ = u{ = f on A2S0, supp f C A2S0' / ^ ^o(^2so), So G [Ti,T). Then 
there exists constants Ci and C2 such that 

(2.30) Cill ■^lllj^y^Ci) ^ ll''^2 111 y(2) ^ C'2||lt{||^ 

Proof: Let JF be the same as above. Note that supp u{{x,T) and 
u{^{x,T) are contained in D(A2so) H {t = T}. Let r2,r3,r4 be the same 
as in 54. 
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Note that D{A2so) n {t = T} C r4 and ^2,0 ^ ^2- The following estimate 
will be proven in §4 (c.f. Lemma 3.1 in [El]): 

(2.31) C,{\\u{\\l,^ + \\u{\\lr,) 

< Ikflllr4 + HtWln < C2(||«(||i,r, + HWlr,), 

assuming that u( has a compact support in y'. Note that since supp / C A2S0 
we have that u{ = on T^. Therefore ()2.3H) implies 

(2.32) lk(llir4 + ll^ullo,r4<C||^{|li^(i). 

r/ r r/ r r/ r 

For any f G we have m( = ui, = on Therefore ui lyW = ui \y(i) 

2SQ 2SQ 

by the domain of dependence arguments. 

It follows from (j2.29j) that there exists /o G such that 

(2.33) ||/o||i,rox{o,T) < Ci(||4||i,r, + \\uQ\o,r,). 

Note that the solutions u-^ of L^^^u-^ = and u{ of L^i^u{ = in iI)(A2so) are 
related by ^U^ . 

Now we shall show that U2 |^(2) = U2\^(2) for all f ^ J-". Note that the 

Green's formula (j2.24p holds for any u( , vf where /' G -f^o (Fq x (0, Tq)), g & 
Hq^Asso), Liu{ = 0, Llvf = in D^A^g^), Li is the same as in ()2.16|) . 
Lu^' = in X (0, To), u^' = u{ = for t = 0, u-^' and u{ are related by 
(ITTT?|1 in D(A3,J. Since A^^) = A^^) on Tq x (0,To) we get from (ITTT?|l that 
()2.25|) is the same for i = 1,2. Therefore 

for all f ^ T and all g G ll\{A'ii.^. Since u{ = u{\y(i) for all /' G ^ we 

2SQ 2sg 

get that 

for all g G i;fQ(A3sQ). By Lemma with j = 3 {vf} are dense in HQ{RfJ^). 
Therefore we have that = in 1^2^^ for any /' G JF, since R^J^ D 
^2?^^. Note that |t=T = f'{y',T) and 0, T) = f'{y',T). Therefore 

M2 |t=T = M^|i=T since u{{y',0,T) = u{ {y',0,T). Therefore 1^(2) = ul\y(2). 

2SQ 230 
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Estimate (|2.31|) is proven in §4 under the assumption that U2 {y, T) , i T) 
have compact supports in y' . Denote by Di the intersection of forward do- 
main of influence of y2iio with the plane t = T, yn ^ 0. Note that Di GT4. 
Let U2{y,T), U2t{y,T) be extensions of u^^iy.T), U2t{y,T) from Di to a 
neighborhood Di of Di in r4 such that 

and ^2, tt2t are zero outside of Di. Applying Lemma I^ITl to U2,U2t we get 
that 

(2.34) \\4"KyC^^<Ci\\MlD, + \Mo,D^ 

<2C(||4°||?,^„ + ||4?||o,i.o) 
< Ci(||i;("||^,f^ + llt^ltllo.n) < C'2||/o||?,rox(o,T)' 

where v^^ is the solution of L'^^^fl" = in x (0,To) corresponding to 

fo e H^{To X (0,ro)), u^2" is the solution of LfV^° = in /^(As.o), 4° = 

e"*'^'''(^2)^</'2^ o (see fimi|) ). We used in (jjl?^) that the domain of 

(2) f 
dependence of yjso intersected with t = T is Di and therefore L(2) does 

____ _____ ^"0 

not depend on the extensions U2, U2t- Combining (j2.32|) . (j2.33j) and (j2.34|) 
we get the right half of the inequality ()2.30|) . 

The inequality H^if ||-^ < C'||'W2 11;^ y(2) also holds if we assume that L*^^) 

satisfies the BLR property too. However, to prove Theorem II .11 we need only 
BLR condition for L^^\ 

Lemma 2.4. Suppose g G Hq{Ait^) is smooth. Let Uq be the same as in 
Lemma \2. 11 Then the inner product {uqs,v^) is uniquely determined by the 
D-to-N operator. 

Note that {u{g,vf) = (w^ivf) are determined by D-to-N operator (see 
fl2.24|) where u{ , vf correspond to L^l\ {L^^)* , i = 1,2). Since {u{},f e 
H^{A2so) are dense in i/g (i?2so) there exists a sequence tt{" convergent to u^^ 
in Hq{Y21^^). Here Uq\ i = 1,2, are the same as in (j2.28|) for i = 1,2, /„ G 
Hq{A2so)- By Lemma 12.31 {^2"} converges in HQ{Y2g^) to some function 
W2 G i^o (1^21^0 )• Passing to the limit when n ^ 00 we get 

(2.35) iu^^],vf) = iw2s,vl). 
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It follows from (IT^ that iu''o],vf) = i^f ) for any g E H^iA 



3so 

Compairing with ()2.35p we get («os , "^f) = ("^L j"^!)- Since, by Lemma 



with j = 3, {vf} are dense in H^{RfJ^^) D HQ{Y2g^) we have W2. — "'^"^^ 



Since W2 = u^q^ = on dY2g^^ \ {t = T} we get u^^ = W2 in 1^2s^o- Therefore 



-f) for all g E //o'l^m) since F« n > So} C i?« C 

^2so'^ = 1,2, i.e. yl(uo,f^) = 2{uos,v^) is uniquely determined by the D-to- 
N. □ 
Therefore Ai{u^ , v^) A{u^ , v^) — A{uq^ v^) is determined by the D-to-N 

o 

operator when g and / are smooth and belong to (Aiti). 
Since u{ — uqs = in i?2so = in for s < sq we have 

(2.36) Ai{u^,v3)=2l u^Wdsdy' 

and Ai{u-^ , v^) is uniquely determined by the D-to-N operator. □ 
We shall construct a geometric optics solution of Liu = of the form (c.f. 
[El]) : 

(2.37) u = un + u^''^^\ 
where 



(2.38) «^ = e^'=(-^")5^-i^ap(.,r,2/0- 

p=0 ^ 

Substitute -uat in ()2.17p we get 

^ - zi«ao = 0, 4^ - 4zi«a, = -L,a,^,, p>l. 

We have 

where b{s,T,y') = J^^^An^dr'. We choose ao{s,y') = Xi{s)X2{y') where 
Xi{s) E Co~(R^), Xi(/) = 1 for \s - Sol < ^> Xi{s) = for \s - sqI > 

26, X2{y') = ^xo(^), xo{y') e C^{K--'), Xo{y') = O for \y'\ > 
6, J^n-i Xo{y')dy' = 1, 5 is small, ?/q E T. We define 



Op 



-^e''' [ e~'''Liap^idT', l<p<N, 
4 Jt-s 
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and we define u^^~^^^ as a solution of 

^(Af+i) _ ^i^^^-^'' = wlien t = Ti, m^^^^^ = wlien y„ = 0. Since supp it at 
is contained in a small neighborhood of the line {s = so,y' = Vq} we have 
that un + u^^'^'^^ = um + = when t = Ti, y„ > and supp {un + 

Substituting ()2.37|) in ()2.36p we get that the principal term in k has the 
form 

iyiTin{s<so} 

Note that r = on Iiti- Integrating by parts in s, taking the limit when 
k ^ oo and then taking the limit when e: ^ we get that e*^*-*°'°'^0'*v^(so, 0, t/q) 
is determined by the D-to-N operator. Here (so,0,?/o) G F x [Ti,r] C Yit^ 
is arbitrary. Replacing T by T', T' G (71, T] we can determine e'^^v^{s,T,y') 
for any (s, r, y') G Xq where Xq = {y' E T ,Ti < s + r < T}. 

Since we assumed that f ^ = on dYiT^ we get, integrating by parts, that 

A{uf,v^) =2 u^Wdsdy' = -2 / u^vldsdy'. 

Analogously to the proof of Lemmas 12.11 and 12.41 one can prove that the 
integral 

(2.39) / uf^sdsdy' 

'JyiT^r\{s<so} 

is uniquely determined by the D-to-N operator. 

Substitute the geometric optics solution (j2.37|) in (|2.39|) . Then integrating 
by parts in k, taking the limit when k ^ oo and then the limit when e ^ 
we get that e*^ff is determined by the D-to-N operator for any (s, r, y') G Xq. 
Since we know e^^v^ we know the derivative ^(e'^v^). We have 

(2.40) ^ {(^^U9) = e'^^s + ibse'^W. 

OS 

Therefore we can find bg on the set {v^ ^ 0}. Since, by Lemma [2.21 for j = 1, 

o 

{vs}, g G Co°°(AitJ, are dense in (i?m), where Rit, = T x [Ti,T], the 
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union of all sets {v^ 7^ 0}, (7 G C^{Ait^), is dense in Riti- Therefore since 
bs is smooth we can recover bs on Riti- Replacing T by T' G (Ti, T] we can 
recover bg on Xq. Since 6 = when i/^ = we can find 6 and consequently 
v^. Finally, ii'^ = ^b. 

Therefore the D-to-N operator determines An\y,t) and in Xq for all 

o 

smooth g eH^ (^itJ where is the solution of 



;2.41) L;„.= (-i- + i«j 



n-1 
j,k=l 



-i-^ + if ^^■'^(y) (-^^ + ) - V,{y,t)v^ = 0, 



We can rewrite ()2.4H1 in the form ( see ()2.17|) 

n—1 n—1 



(2.42) -Y,9'\yKyS^^r,y') + Y.^^^'^^^y'K 

j,k=l j=l 

+C{s, T, y')v^{s, r, y') = - AiMl\i{s, r, y'), 



where Bj, C depend on g^'^, ^i- 

Consider the restriction of ()2.42|) to .Riti, i-e. when r = 0. It follows from 

o o 

Lemma O that {v^}, g eH^ (AitJ, are dense in (Rit^). Pick arbitrary 
V G C^{RiTi)- Then there exists v^" G H^{Rit^) and smooth such that 
y9n _^ jj-^ H^{RiTi). Therefore v^" — > v weakly in -Riti, i-e. {v^",Lp) 
(f , ip) for any tp G C^^Rit^). Denote by L2V^ and the left hand side and 
the right hand side of ()2.42|) . Since v^" —>■ v weakly we get that L2t^^" — > L2V 

de f 

weakly. Therefore = L2V^" converges weakly to / = L2V. Note that 
is known since v^" and A^n^ are known. Therefore we know /. For any point 
(so, y'd) we can find M = + n — 1 + 1 = ^^'^^^^ functions vi, vm 

such that the determinant D{vi, ...,Vm) of the system ()2.42|) is not zero at 
(so, y'o). Since fk = L2Vk, k = 1, M, are known at (sq, y'o) we can uniquely 
determine g^^{yo), Bj{so,0,yQ),C{so,0,yQ). Since (so,0,yd) is an arbitrary 
point of RiTi we can find g^'^iy), A^^\ I < j < n — 1, Vi on Riti- 

Analoguosly, considering the intersection of Xq with arbitrary plane r = 
To, where < tq < T — Ti we can determine the coefficients of LI in Xq. 

Therefore we proved the following theorem : 
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Theorem 2.1. The D-to-N operator on Fq x (0,T) uniquely determines the 
coefficients of Li in Xq = {y' G F, Ti < s + r < T}. 

3 The global step. 

The proofs in this section are similar to the proofs in [El]. Therefore we will 
be brief. 

Note that Dq = T x [0, ^^^] is the projection of Xq on the plane {t = 0}. 
Since the coefficients of Li are analytic in t the coefficients in Xq determine 
the coefficients of Li in Dq x (O.Tq). We have the following result: 

Lemma 3.1. The D-to-N operator on Fq x (0, T) determines the coefficients 
ofLi m Do X (0,To). 

Let L^^\ p = 1,2, be two operators of the form (jl.lll in domains fi*^^-* x 
(0, To), p= 1, 2. Suppose Fq C dn'-^^ f] and A^^) = A^^) on Fq x (0, To) 
where A*^^) are the D-to-N operators corresponding to L^p\ p= 1,2. 

Let y = (fip{x) be the same as in ()2.1|) . p = 1, 2. Denote D^^'^ = (^'^{Dq) C 

^(p)_ Then (p = (p^^ °V2 is a diffeomorphism of D^^) onto D^^h Let h'f^u'^'' = 
in Do X (0, T) where L^^^ be the same as in ()2.16|) for p = 1,2. Note that 
uf\y^t) are related to u^^\x^t) where L^^^u^^^ = by the formula ()2.19p 
for p = 1,2. It follows from Remark 2.2 in [El] that gi{y',0) = g2{y',0). 
Therefore there exists c{y,t) G Go{Dq x (0,To)), analytic in t, such that 
u^'\ipi\y),t) = ciy,t)u^^\ip^\y),t) for {y,t) eD~oX (0,To). Extend ifix) 
from D(^) to preserving the property that 93 = / on Fq and 93 is a 

diffeomorphism of onto f2o (/'(fi'^^^. The existence of such extension 
follows from [Hi], Chapter 8. Let c G Gq^Qq x (0,ro)) be the extension 

analytic in t of 0(^2'^ (x) , t) from i^^^) x [0,Tq] to fio x [0,To]. Then Lq 

is a differential operator in VLq x (0, Tq) such that Lq = L^^^ in 

D^^'^ X (0, Tq). Let 5 C L'(^) be a domain homeomorphic to a ball, 5n91](^) =^ 
Si C F and connected. Let fli = Qq \ B and let S2 = OB \ Si. We assume 
that dVli is smooth. Denote by Ao the D-to-N operator corresponding to Lq. 
Let 5 = maXa,£B d{x, F) where d{x, F) is the distance in B from x G S to F. 

Consider Lq, L^^'^ and the corresponding D-to-N operators Ao, A*^^-* in do- 
mains {^0 \B)x {S, To - 5), \ S) X {6, To - 5), respectively. 

Lemma 3.2. // Ao = A^^) on Fq x (0, Tq) then Aq = A^^) on Fi x {6, Tq - 5) 
where Fi = (Fq \ Si) U 6*2 . 
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Note that \ 7 C \ B) since Tq C dVlo n dn'^^^ and S C ^]o n r^^^^ . 

The proof of Lemma (3.21 is the same as the proof of Lemma 3.3 in [El] (c.f 
[KKLl], Lemma 9). The proof uses the Tataru's uniqueness theorem [T], 
and this requires the analyticity of the coefficients in t. 

Using repeatedly Lemmas l3.1l and Owe get a domain C n^'^\ dQ^'^^D 

dil^^^ = Fq, a diffeomorphism (p2 of Q^'^^ onto Q ^= y92(f^'"^^) and a gauge 
transformation c such that ip2 = I on Tq, (l^'^^ D c = 1 on Fq x 

(0,ro) and c o ip^ o L^^) = L^^) in x (0,ro). Moreover A^^) = A(i) on 
X (T(5, To - T^) for some G (0, ^) where A^^) is the D-to-N operator 

corresponding to L^^^ = c o o 

To complete the proof of Theorem 11.11 we need two more lemmas. 

Let 7o be an open subset of \ Fo that is close to dQ^^^ \ Fq and 

dil^'^^ \ Tq with respect to the corresponding metrics. Let Ai be the union 

of all geodesies in Q^^^ \ Q^^^ starting at 70, orthogonal to 70 and ending on 

—(2) 

dfl^^K Analogously, let A2 be the union of such geodesies in \ We 
assume that the semi-geodesic coordinates can be introduced in Ai and A2, 
respectively. Denote 71 = Alndn^^\ 72 = A2 n dn^^\ 

Lemma 3.3. There exists a diffeomorphism 0/ A2 onto Ai and a gauge 
c(°) on Ai X (0,ro) such that ip^^\^2) = 7i, 9?^°^ = I on 70, c(°) = 1 on 
7o X (0, To) and c(°) o o L^^) = L^^) m A7 x (0, Tq) . 

□ 

Consider a situation when there exists a part Fi of dil^^^ that is close to a 
different part of dVl^^f Denote by Di the union of all geodesies in \ 
starting on Fi, orthogonal to Fi and ending on a set F2 C d^l^^f Analogously 
let D2 be the union of the geodesies in \ starting at Fi, orthogonal 
to Fi and ending on some set F2 C dQ^'^f 

As before we assume that the semi-geodesic coordinates are introduced 
in Di and D2. 

Lemma 3.4. There exists a diffeomorphism ip of D2 onto Di and a gauge 
c on Di X (0, To) such that t(j = I on Fi, if) = I on F2, in particular, 
r'2 = F2, c= 1 on Fix(0, To), ant/ on F2X(0, To). Moreover, 001^0 L'^^^ = L'^^^ 
m Di X (0, To) . 

The proofs of Lemmas 13 . 31 and l3 . 41 are the same as of corresponding results 
in [El]. Combining Lemmas 13.11 13.21 13.31 13.41 we prove Theorem 11.11 (c.f. 
[El]). 
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4 Proof of Lemma 12.2 



Denote by Ai a domain in R""*"^ bounded by three planes : r2 = {r = 
T-t-yn = 0, <yn< T, = {s = t - = T^, < t < 

T}, T4 = {t = T, < yn < T - Ti}. Let H = H^T^) x ^2(14) and let 
Hi be the space of pairs {(p,ip}, tp G H^(T2), "0 = H^iT^), ip = ip when 
t = with the norm = llv^ll^r^ + Il'0lli,r3- We shall assume 

that all functions have a compact support in y' G R"~^. 

The following lemma is an extension of Lemma 3.1 in [El] : 

Lemma 4.1. For any {vq,vi} G Hi there exists {wo,wi} G H and u G 
H^{Ai) such that Liu = m Ai, ulr^ = vq , ulr^ = vi , u = wq , ^\y^ = Wi. 
And vice versa, for any {wq,Wi} G H there exists {vq,Vi\ G Hi and u G 
i/^(Ai) with the same properties. The iinequalities \4-^ o.^'^d hold. 



Proof: Let Ai^y/ be the domain bounded by Fs and T^^t' where T/^^t' 
is the plane {t = T'}, V G [^,T]. Let \\u\\y = + \\u\\l^^'^,. 

Denote by {u,v)aj^j„ the L2-inner product in Ai^t'- Let u be smooth in 
Ai has compact support in y' and LiU = in Ai 5-. Integrating by parts 
= iLiu,Ut)A^^j.f + {ut,Liu)A, j., over Ai^t' (cf. (3.1), (3.2) in [El]) we get 

(4.1) \\u\\It, < Ci\\u\r^ J\lr,^^, + \\u\r,^^,,\\lr,,,, + / \\u\\ldt), 

where r2,T'5 ^z,t' are parts of r2, respectively where t < T' . Since T — Ti 
is small we get 

(4-2) max \\u\\It, < Ci{\\u\\l^ + \\u\\l^ ) , 

T'e[|,T] 

where r2,T = Ts.t = 1^3. In particular, 

ll«lllr, + ll«t||o,r,<C^(ll«lllr. + lklllr3)- 
The reverse inequality also holds: 

(4.3) \\u\\l^^ + \\u\\l^.^^ < C{\\u\\l^^ + WutWl^J, 

where Liu = in Ai, m is smooth. 

To prove this denote by r2,r' the intersection of Ai with the plane r = 
r', < —t' < T — Ti and denote by T^^s' the intersection of Ai with the plane 
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s = s', Ti < s' < T. Integrating by parts = {Liu, Ut)/\^, + {ut, Liu)^^, we 
get, as in (jHH) (c.f. [El]), 

(4.4) Iklllr,., + ll^lllr,,, < C{\\u\\l^^ + \\u,\\l^^ + h), 
where ^ 

h = { l^gl^ + I^Tp + / ^ l^y r + ["^P 1 dy'dsdr. 

Here A^/ is the part of Ai where s > s' and T2^s' is the part of r2 where 
s > s'. Let At-' be the part of Ai where r < r'. Then integrating by parts 
= (LiM, Ut)A^, + {ut, Liu)a^, we get 

(4.5) ll^lllr,.,, + ||«||lr3,., < C(||«||?,r, + ll^^llo.r^ + ^2), 

where I2 is the same as Ii with A^/ replaced by Ar>, is the part of Fs, 
where t < r'. Since 

A + -^2 ^ C(T — Ti)(max r3 , + max 



we get from (Oil , (g^j) 



max||M||?r +max||M||?p 

< Ci(r-Ti)(max||M||2p^^^, + max ^^^^J + Cdl^H^ + 

Since T — Ti is small we get ()4.3p . 

Let {c/?o,'0o} be a smooth pair belonging to TCi. Define b{y',yn,t) = 

V?o(s,2/')+^o(t,2/')-V5o(0,2/'). Note that v?o(0, 2/0 = Vo(0,?/')> ^Ira = ¥^0(5, 2/'), ^Irg 

^0(^,2/'). 

Since b{y',yn,t) is smooth in Ai we have that Lib is smooth in Ai. Let 

/ = -Lib in A7, / = otherwise. Then / = for t < [t+t, WfWo^r^^.dt < 

+00. Let Uq be the solution of LiUq = f when t > ^^-^^ with zero initial 
conditions when t = It is well-known (see, for example, [H]) that there 

exists a unique such uq and 



(4.6) \\uoh,T < C 



,1 ll/llo,r,,rft. 

-' +-'1 



2 



20 



Since Uq has zero initial conditions when t = and / = outside of Ai 
we get by the domain of dependence argument that uq = outside Ai, t <T. 
Since the restrictions of uq on the planes s = const and r = const, t < T, 
are continuous in s and r respectively we get that 

ttoira = 0, Moira = 0. 

Denote u = b + Uq. Then 

(4.7) Liu = in Ai, 



(4.8) ulr^ = ipo, u\r^ = tpo 
and 

(4.9) {u,ut}\r,en. 

Let {vq, Vi} E Hi be arbitrary. Take a sequence {(pn, i^n} ^ Hi of smooth 
functions such that -0™} — ^ {^^O) 1^1} in '^i- Let m„ be a sequence such that 
flO) . hold with (/?o, V'o replaced by v?n, ^An- Then (it^ implies that 

Mri converges to m in maxT+T\<^,<y II^I|i,t' norm and LiU = in Ai, tt|r2 = 
vq, u\rs = vi, {wo,Wi} e H where Wq = u\r^, wi = Ut\r^. 

Therefore the map {vo,Vi} — > {wo,Wi} is a bounded map of Hi to H. 
Take any smooth pair {ip^'^\ip^^^} E H. Solving the Cauchy problem with 
the inithial data {ip^^^tp^^^} (see, for example, [H]) we get a smooth pair in 
Hi- Therefore the image of the map Hi — > 7i is dense. Using the estimate 
(14. 3|) we get that the map Hi ^ H in one-to-one and onto. □ 

Denote by A2 the domain bounded by the plane = {r = T — ?/„ — t = 
0, Ti < t < T}, by the plane = 0, Ti < t < T} and by the plane 
{t = Ti, < Hn < T — Ti}. Let Too be the plane {r = 0}. Denote 

o 

by H^^ {r'2) C H^^iToo) the Sobolev space of distributions in Too having 
supports in and by H^^{T2) the space of the restrictions of distributions 
from H~\Too) to F'2. 

Lemma 4.2. Let h G H~^{r2) be arbitrary. There exists a distribution u 
in A2 such that LiU = in A2, u has a restriction to yn = 0, ^ has a 
restriction to F2 and u\y^=Q = 0, fj|r' = h. 
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Proof: Let E H ^{Too) be an extension of h to Too- We always can 

o 

choose /lo such that supp Hq C T'2, i.e. Hq eH^^ iX^)- Let v{s,y') be such 
that t; = for s > T - Ti and If = ho. We have that v E H^-^, i.e. v 
belongs to L2 in s and v belongs to H^^ in y'. 

Denote by the reflection of A2 with respect to the plane ?/« = and 
let A3 = A2 U A2 U {yn = 0, Ti < t < T}. Extend for ?/„ < the coefficient 
before ^ in (j2.16p as an odd function in A3 and extend the remaining 
coefficients of Li as even functions. We shall construct an odd distribution 
solution of Liu = in A3. Then automatically M|y„=o = 0. Note that any 
distribution solution of Lim = in A3 is continuously different iable in y„ as 
a function of ?/„ with the values that are distributions in {y',t). This is a 
consequence of the fact that = is not a characteristic plane. Therefore 
the restrictions 'u|y„=o and ^\y^=Q exist. 

Denote by f 2 the reflection of with respect to y„ = and let vi (r, y') 
on T2 be such that v{s, y') +vi{t, y') = when = 0, i.e. v + vi is odd with 
respect to y„ in A3. We shall look for the solution Liu = in the form 

u = v{s,y') + Vi{t, y') + w. 

Then w satisfies the equation Liw = g, where g = —Li{v + fi). Note that 
Li has the form (j2.17|) for y„ > 0. Therefore g = gi + g2, where gi = HAnVs 
for yn > 0, gi is odd in yn, and g2 = —L[{v + vi) where L[ is a differential 
operator in y' of order 2. Since v and vi belong to L2 in s and r and to 
in y' we have that g2 G H^'~^, i.e. g2 belongs to L2 in s and r and to in 
y'. Denote by g2o the extension of g2 by zero outside of A3 for t > Ti. Let 
W2 be the solution of the Cauchy problem L1W2 = g2o for t > Ti, W2 = for 
t > T. Since 5^20 £ H^'~^ there exists a unique solution W2 € H^'^^ (see, for 
example, [E4] or [H]). Note that W2 is odd in ?/„ since g2o is odd. Since W2 = 
for t > T we get that W2|r^ = 0, 1^2 If = by the domain of dependence 
argument. 

Denote by gio the odd extension in y„ of giOij) given for y„ > where 
e{T) = 1 for r > 0, e{T) = for T < 0. Then giQ = outside of A3 for t > Ti 
since v{s, y') = for s > T — Ti. Let wi be the unique odd solution of the 
Cauchy problem LiWi = gio for t > Ti, wi = for t > T (see [H] or [E4]). 

By the domain of dependence argument and since Wi is continuous in r 
near we get that Wi\r'^ = 0. Therefore ^j-jr^ = 0. Therefore u = v{s,y') + 
vi{T,y') + wi + W2 satisfies Liu = in A2, u\y^=o = and |j = |f = /i on 
F' since ^ = %a = §1 = on F' . ' ' □ 

^ as OS as ^ 
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Now we are ready to conclude the proof of Lemma 12.21 As in [El] ( see 
the beginning of §3 in [El]), in order to prove that {v^}, g E HQ^Ajg^), are 
dense in Hl{Rjso)-,j = 1, 2, 3, it is enough to prove that {v^}, g G C^(Ajso), 

o 

are dense in i/^ (Rjso)- Fix, for definiteness, j = 3. Suppose that there exists 

o 

vi eH^ (i?3so) and h G H-^Y^so) such that {h,vS) = for all g G C^iAs^o) 

o 

and {h,Vi) = 1. Note that {h,v), where v eH^ is understood as {lh,v), 
where Ih G H^^^Toq) is an arbitrary extension of h. 

Let u be the same as in Lemma f4. 21 Applying Green formula ()2.24|) to u 
and we get 

(4.10) = 2{^,vn=f p-gdy'dt. 

To justify the Green formula ()4.10|) one can take a sequence /i„ G C^iT^) 

o 

such that hn —>■ fiQ in H^^ (^2)^ where is an extension of h. By Lemma 
14. 21 there exists w„ such that LiUn = in A2, Un\y„=o = 0, ^|r^ = Ki- Note 
that (uns, v^) = —{un, ^) siuce t;^ = on dYu^^ and 

(4.11) 2{u^,,v^)= I p^gdy'dt 

Passing to the limit in PTT|) we get (jUJUl). Since g G C^f (Ag^J is 
arbitrary we get that ^ = in A^sq- Extend u by zero for ?/„ < 0, Sq < 
t < T. By the Tataru's uniqueness theorem [T] (note that the theorem 
holds when m is a distribution too [Tl]) we get m = in the double cone of 
influence of A3.0. In particular, /i = f = on the interior of R^,,. Therefore 
{h,vi) = since supp vi C Rsso aiid this contradicts the assumption that 
{h, vi) = 1. The proof for j = 1,2 is identical. □ 



References 

[BLR] Bardos, C., Lebeau, G. and Ranch, J., 1992, Sharp sufficient condi- 
tions for the observation, control and stabilization of waves from the 
boundary, SIAM J. Contr. Opt. 30, 1024-1065 

[Bl] Belishev, M., 1997, Boundary control in reconstruction of manifolds 
and metrics (the BC method). Inverse Problems 13, R1-R45 



23 



[B2] Belishev, M., 2002, How to see waves under the Earthsurface (the 
BC-method for geophysicists), 111 -Posed and Inverse Problems, 55-72 
(S.Kabanikhin and V.Romanov (Eds), VSP) 

[B3] Belishev, M., 1997, On the uniqueness of the reconstruction of lower- 
order terms of the wave equation from dynamic boundary data, (Rus- 
sian), Zapiski Nauchnih Seminarov POMI, 29, 55-76 

[El] Eskin, G., 2005, A new approach to the hyperbolic inverse problems, 
|ArXiv:math.A P/05 05452| 

[E2] Eskin, G., 2005, Inverse problems for Schrodinger equations with 
Yang-Mills potentials in domains with obstacles and the Aharonov- 
Bohm effect. Institute of Physics Conference Series 12, 23-32, 
,ArXiv:math.AP/0505554, 

[E3] Eskin, G., 2004, Inverse boundary value problems in domains with 
several obstacles. Inverse Problems 20, 1497-1516 

[E4] Eskin, G., 1987, Mixed initial-boundary value problems for second 
order hyperbolic equations. Comm. in PDE, 12, 503-87 

[H] Hormander, L., 1985, The Analysis of Linear Partial Differential Op- 
erators III (Berlin: Springer) 

[Hi] Hirsch, M., 1976, Differential Topology (New York: Springer) 

[I] Isakov, v., 1998, Inverse problems for partial differential equations, 
Appl. Math. Studies, vol. 127, Springer, 284 pp. 

[KKL] Katchalov, A., Kurylev, Y., Lassas, M., 2001, Inverse boundary spec- 
tral problems (Boca Baton : Chapman&Hall) 

[KKLl] Katchalov, A., Kurylev, Y., Lassas, M., 2004, Energy measurements 
and equivalence of boundary data for inverse problems on noncompact 
manifolds, IMA Volumes, v. 137, 183-214 

[KK] Katchalov, A., Kurylev, Y., 1998, Multidimensional inverse problems 
with incomplete boundary spectral data. Comm. Part. Diff. Eq. 23, 
55-95 



24 



[K] Kurylcv, Y., 1993, Multi-dimensional inverse boundary problems by 
BC-mathod : groups of transformations and uniqueness results, Math. 
Comput. Modelling 18, 33-45 

[KLl] Kurylev, Y. and Lassas, M., 2000, Hyperbolic inverse problems with 
data on a part of the boundary AMS/IP Stud. Adv. Math, 16, 259-272 

[KL2] Kurylev, Y. and Lassas, M., 2002, Hyperbohc inverse boundary value 
problems and time-continuation of the non-stationary Dirichlet-to- 
Neumann map, Proc. Royal Soc. Edinburgh, 132, 931-949 

[KL2] Kurylev, Y. and Lassas, M.,1997, The multidimensional Gel'fand in- 
verse problem for nonself-adjoint operators. Inverse Problems, 13, 
1495-1501 

[RS] Ramm, A. and Sjostrand, J., 1991, An inverse problem of the wave 
equation. Math. Z., 206, 119-130 

[St] Stefanov, P., 1989, Uniqueness of multidimensional inverse scattering 
problem with time-dependent potentials. Math. Z., 201, 541-549 

[T] Tataru, D., 1995, Unique continuation for solutions to PDE, Comm. 
in PDE 20, 855-84 

[Tl] Tataru, D., Private communication. 



25 



